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Transformation im Ortsraum,  
Fourier Transformation 
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Quiz 

•  Fourier Transformation: Grundidee? 
•  Fouriers Theorem 

•  F(u,v) = x + iy 
–  Bedeutung u,v? 
–  Betrag?  
–  Phase? 
–  Eulersche Formel? 

•  Grundidee FFT?  
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Besprechung Übung 4 

•  Probleme? 
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DISKRETE FOURIER-
TRANSFORMATION 
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Anschaulich: Basisvektoren eines Bildes 

•  Wahl anderer Basisvektoren è  
Transformation mittels Basiswechsel 

•  Basiswechselmatrix vom Rang der Pixelanzahl 

1 0 0 0 =   10 *  10 255 4 250 

0 1 0 0 + 255 *  

0 0 1 0 +     4 *  

0 0 0 1 + 250 *  

bilden eine 
Basis des R4 
sind paarweise 
orthogonal 
haben Länge 1 
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Basisfunktionen der Fourierbasis (N = 4) 

•  Basisfunktionen fu 

•  Wertetabelle: 

 
 

 

 

•  Basisvektoren: fu=0 = (1,1,1,1), fu=1 = (1,-i,-1,i),  
fu=2 = (1,-1,1,-1), fu=3 = (1,i,-1,-i) 

•  Basiswechselmatrix:  

fu(n) n=0 n=1 n=2 n=3 
u=0 exp(0)=1 exp(0)=1 exp(0)=1 exp(0)=1 
u=1 exp(0)=1 exp(-iπ/2)=-i exp(-iπ)=-1 exp(-i3π/2)=i 
u=2 exp(0)=1 exp(-iπ)=-1 exp(-i2π)=1 exp(-i3π)=-1 
u=3 exp(0)=1 exp(-i3π/2)=i exp(-i3π)=-1 exp(-i9π/2)=-i 
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Basisfunktionen der Fourierbasis (N = 4) 
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1D-Basisfunktionen 

1 0 1 0 

b0 (n) = [(1, 0), (1, 0),..., (1, 0)]

n	
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DFT als Matrixoperation 

[Wikipedia.org, CC-BY-SA] 
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DFT als Matrixoperation 

W =
1�
N

2

66666664

1 1 1 1 · · · 1
1 � �2 �3 · · · �N�1

1 �2 �4 �6 · · · �2(N�1)

1 �3 �6 �9 · · · �3(N�1)

...
...

...
...

...
1 �N�1 �2(N�1) �3(N�1) · · · �(N�1)(N�1)

3

77777775

� = e�
2�i
N

X = Wx

W 2 N ⇥N
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2D-Basisfunktionen 

f (u,v) = u2 + v2Frequenz: 
 

Richtungsvektor: r(u,v) = 1
f (u,v)

u
v

!

"
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Eigenschaften der 2D-DFT: Translation 

•  2D- 
DFT: 

•  Verschiebung im Ortsraum führt zu Phasenverschiebung 
im Frequenzraum: 
f x − x0, y− y0( ) = 1

MN
F u,v( ) ⋅ei2π (u(x−x0 )/M+v(y−y0 )/N )

v=0

N−1

∑
u=0

M−1

∑

=
1
MN

F u,v( ) ⋅ei2π (ux/M+vy/N ) ⋅e−i2π (ux0 /M+vy0 /N )

v=0

N−1

∑
u=0

M−1

∑

=
1
MN

F u,v( ) ⋅e−i2π (ux0 /M+vy0 /N )$% &'⋅e
i2π (ux/M+vy/N )

v=0

N−1

∑
u=0

M−1

∑

F u,v( ) = f x, y( ) ⋅e−i2π (ux/M+vy/N )

y=0

N−1

∑
x=0

M−1

∑

f x, y( ) = 1
MN

F u,v( ) ⋅ei2π (ux/M+vy/N )

v=0

N−1

∑
u=0

M−1

∑
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v 

Fv(m) 

m 

Separierbarkeit 
F(u,v) = 1

N 2 f (m,n)exp −i 2π
N
(um+ vn)
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"
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Vorgehensweise: zunächst Fv(m) für alle 
(v,m) berechnen und dann verwenden. F(u,v) 
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FAST FOURIER TRANSFORM 
(FFT) 
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Vorgehensweise generell 

•  Vereinfachende Annahme: N=2k, k>1 
•  Nutze Separierbarkeit, um 2D-FT auf 1D zurückzuführen  

(O(N4) à O(N3)) 
•  Teile Summe in zwei Teilsummen auf 

•  Finde Gemeinsamkeiten in den Teilsummen und 
berechne beide Teilsummen miteinander 

•  Betrachte die Teilsumme und unterteile rekursiv bis N=1  
(O(N3) à O(N2 log N) 
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Divide Schritt 

N = 2K,WN = exp −i 2π
N

"

#
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%

&
'= exp −i π

K
"
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$
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&
',WN

2 = exp −i 2π
K

"

#
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&
'=WK

FN (u) =
1
N

f (n)(WN )
un

n=0

N−1
∑ =

1
2K

f (n)(W2K )
un

n=0

2K−1
∑ =

=
1
2
1
K

f (2n)(W2K )
2nu

n=0

K−1
∑ +

1
K

f (2n+1)(W2K )
(2n+1)u

n=0

K−1
∑

"

#
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&
'

Feven,K (u) =
1
K

f (2n)(W2K )
2nu

n=0

K−1
∑ =

1
K

f (2n)(WK )
nu

n=0

K−1
∑

Fodd,K (u) =
1
K

f (2n+1)(W2K )
2nu

n=0

K−1
∑ =

1
K

f (2n+1)(WK )
nu

n=0

K−1
∑

•  Finde Gemeinsamkeiten in den Teilsummen 

•  Teile Summe in zwei Teilsummen auf 
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Ausnutzen der Periodizität 

WK( )u+N = WK( )u , W2K( )u+K = − W2K( )u

FN u+K( ) = 1
2
Feven,K u+K( )+Fodd,K u+K( ) W2K( )u+K( )

FN u+K( ) = 1
2
Feven,K u( )−Fodd,K u( ) W2K( )u( )

•  Berechne F(u+K) 

N = 2K, WN = exp −i 2π
N
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"
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Feven,K (u) =
1
K

f (2n)(WK )
nu

n=0

K−1
∑ , Fodd,K (u) =

1
K

f (2n+1)(WK )
nu

n=0

K−1
∑

FN (u) =
1
2
Feven,K (u)+Fodd,K (u)(W2K )

u( )
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Ausnutzen der Periodizität 

N = 2K,WN = exp −i 2π
N

"

#
$

%

&
'

F(u) =
1
2
Feven (u)+Fodd (u)(W2K )

u( )

F u+K( ) = 1
2
Feven u( )−Fodd u( ) W2K( )u( )

•  Also kann man F(u+K) mithilfe F(u) berechnen   
(einmal Feven + Fodd, einmal Feven – Fodd) 

•  Betrachte die Teilsumme [0…K-1] und unterteile  
rekursiv bis K=1 (O(n3) à O(n2 log n) 
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Zusammenfassung 

N = 2K,WN = exp −i 2π
N

"

#
$

%

&
'

FN (u) =
1
N

f (n)(WN )
nu

n=0

N−1
∑ =

1
2
Feven,K (u)+Fodd,K (u)(W2K )

u( )

Feven,K (u) =
1
K

f (2n)(WK )
nu

n=0

K−1
∑

Fodd,K (u) =
1
K

f (2n+1)(WK )
nu

n=0

K−1
∑

FN u+K( ) = 1
2
Feven,K u( )−Fodd,K u( ) W2K( )u( )
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Rekursiver Algorithmus 

 
 

def Frek(N, (f0, f1, f2, …, fN-1)): 

 if N == 1 then return (f0) 
 K = N/2 

 Feven= Frek (K, (f0, f2, f4, …, fN-2)) 

 Fodd= Frek (K, (f1, f3, f5, …, fN-1)) 
 F = zeros(N) 

 for u = 0..K-1: 
  F[u] = 0.5 * (Feven[u] + Fodd[u] * WN

u) 

  F[u+K] = 0.5 * (Feven[u] – Fodd[u] * WN
u) 

 return F 

FN (u) =
1
N

f (n)(WN )
nu

n=0

N−1
∑ =

1
2
Feven,K (u)+Fodd,K (u)(W2K )

u( )

Feven,K (u) =
1
K

f (2n)(WK )
nu

n=0

K−1
∑

Fodd,K (u) =
1
K

f (2n+1)(WK )
nu

n=0

K−1
∑

FN u+K( ) = 1
2
Feven,K u( )−Fodd,K u( ) W2K( )u( )
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The Scientist and Engineer's Guide to Digital Signal Processing228

FIGURE 12-2
The FFT decomposition.  An N point signal is decomposed into N signals each containing a single point.
Each stage uses an interlace decomposition, separating the even and odd numbered samples.

1 signal of
16 points

2 signals of
8 points

4 signals of
4 points

8 signals of
2 points

16 signals of
1 point

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

0 2 4 6 8 10 12 14 1 3 5 7 9 11 13 15

0 4 8 12 2 6 10 14 1 5 9 13 3 7 11 15

8 4 12 2 10 6 14 1 9 5 13 3 11 7 150

8 4 12 2 10 6 14 1 9 5 13 3 11 7 150

How the FFT works
The FFT is a complicated algorithm, and its details are usually left to those that
specialize in such things.   This section describes the general operation of the
FFT, but skirts a key issue: the use of complex numbers.  If you have a
background in complex mathematics, you can read between the lines to
understand the true nature of the algorithm.  Don't worry if the details elude
you; few scientists and engineers that use the FFT could write the program
from scratch.

In complex notation, the time and frequency domains each contain one signal
made up of N complex points.  Each of these complex points is composed of
two numbers, the real part and the imaginary part.  For example, when we talk
about complex sample , it refers to the combination of  andX[42] ReX[42]

.  In other words, each complex variable holds two numbers.  WhenImX[42]
two complex variables are multiplied, the four individual components must be
combined to form the two components of the product (such as in Eq. 9-1). The
following discussion on "How the FFT works" uses this jargon of complex
notation.  That is, the  singular terms: signal, point, sample, and value, refer
to the combination of the real part and the imaginary part.  

The FFT operates by decomposing an N point time domain signal into N
time domain signals each composed of a single point.  The second step is to
calculate the N frequency spectra corresponding to these N time domain
signals.  Lastly, the N spectra are synthesized into a single frequency
spectrum. 

Figure 12-2 shows an example of the time domain decomposition used in the
FFT.  In this example, a 16 point signal is decomposed through four

Rekursive Aufteilung in Fodd und Feven 

•  Signal aus N Datenpunkten in N Signale mit je einem Datenpunkt umwandeln 
•  Frequenzspektra der N Zeitraumsignale berechnen 
•  N Spektra zu einem einzelnen Spektrum zusammenfassen 

[Abbildungen zu FFT aus: The Scientist and Engineer's Guide to Digital Signal Processing, http://www.dspguide.com/CH12.PDF]  
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Bit-Inverse Sortierung Chapter 12- The Fast Fourier Transform 229

         Sample numbers          Sample numbers
          in normal order          after bit reversal

         Decimal   Binary                 Decimal   Binary
0 0000 0 0000
1 0001 8 1000
2 0010 4 0100
3 0011 12 1100
4 0100 2 0010
5 0101 10 1010
6 0110 6 0100
7 0111 14 1110
8 1000 1 0001
9 1001 9 1001
10 1010 5 0101
11 1011 13 1101
12 1100 3 0011
13 1101 11 1011
14 1110 7 0111
15 1111 15 1111

FIGURE 12-3
The FFT bit reversal sorting. The FFT time domain decomposition can be implemented by
sorting the samples according to bit reversed order. 

separate stages.  The first stage breaks the 16 point signal into two signals each
consisting of 8 points.  The second stage decomposes the data into four signals
of 4 points.  This pattern continues until there are N signals composed of a
single point.  An interlaced decomposition is used each time a signal is
broken in two, that is, the signal is separated into its even and odd numbered
samples.  The best way to understand this is by inspecting Fig. 12-2 until you
grasp the pattern.  There are  stages required in this decomposition, i.e.,Log2 N
a 16 point signal (24) requires 4 stages, a 512 point signal (27)  requires 7
stages, a 4096 point signal  (212) requires 12 stages, etc.  Remember this value,

; it will be referenced many times in this chapter.Log2 N

Now that you understand the structure of the decomposition, it can be greatly
simplified.  The decomposition is nothing more than a reordering of the
samples in the signal.   Figure 12-3 shows the rearrangement pattern required.
 On the left, the sample numbers of the original signal are listed along with
their binary equivalents.   On the right, the rearranged sample numbers are
listed, also along with their binary equivalents.  The important idea is that the
binary numbers are the reversals of each other.  For example, sample 3 (0011)
is exchanged with sample number 12 (1100).  Likewise, sample number 14
(1110) is swapped with sample number 7 (0111), and so forth.  The FFT time
domain decomposition is usually carried out  by a  bit reversal sorting
algorithm.  This involves rearranging the order of the N time domain samples
by counting in binary with the bits flipped left-for-right (such as in the far right
column in Fig. 12-3).

à  iterativer  
Algorithmus  
bottom-up 

[Abbildungen zu FFT aus: The Scientist and Engineer's Guide to Digital Signal Processing, http://www.dspguide.com/CH12.PDF]  
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Python-Hinweise 

•  Komplexe Zahlen 
N = 256 
B = np.zeros((N, N), dtype='complex') 
for v in xrange(N): 
    for n in xrange(N): 
        B[v,n] = np.exp(-1j*2*np.pi*v*n/N) 

•  Amplitudenbild 
plt.subplot(232) 
plt.imshow(np.log(np.abs(F))) 

•  Skalarprodukt 
s = np.dot(a, b) 

Array komplexer Zahlen 

3.1415...: np.pi 

imaginäre Einheit: 1j 

np.abs(F) = ||F|| 
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Python-Hinweise 

•  Realteil, Imaginärteil 
re = np.real(f), im = np.imag(f) 

•  2D-FFT in NumPy 
F = np.fft.fft2(f) 

•  Koordinatenursprung zentrieren 
F2 = np.fft.fftshift(F) 

•  Inverse 2D-FFT  
g = np.fft.ifft2(F) 


